The Josephson effect is especially appealing to physicists because it reveals macroscopically the quantum order and phase. In excitonic bilayers the effect is even subtler due to the counterflow of supercurrent as well as the tunneling between layers (interlayer tunneling). Here we study, in a quantum Hall bilayer, the excitonic Josephson junction: a conjunct of two exciton condensates with a relative phase φ 0 applied. The system is mapped into a pseudospin ferromagnet then described numerically by the Landau-Lifshitz-Gilbert equation. In the presence of interlayer tunneling, we identify a family of fractional sine-Gordon solitons which resemble the static fractional Josephson vortices in the extended superconducting Josephson junctions. Each fractional soliton carries a topological charge Q that is not necessarily a half/full integer but can vary continuously. The calculated current-phase relation (CPR) shows that solitons with Q = φ 0 /2π is the lowest energy state starting from zero φ 0 -until φ 0 > π -then the alternative group of solitons with Q = φ 0 /2π − 1 takes place and switches the polarity of CPR.
. They are in close analogy to the Cooper pairs in s-wave superconductors in that both can be described by the SU(2) BCS-type theory 12 . The overall charge neutrality of excitons, however, requires that the electron-and hole-components to be spatially separated for the electrical current detection 1 ; the separation should be sufficiently small to maintain the excitonic coherence. Thank to the advance of semiconductor manufacturing technology, excitonic superfluid in such geometry is readily realized in Quantum Hall bilayers (QHBs) 9, 10, 13 . Unique effects for excitons in bilayer include the interlayer tunneling anomaly [14] [15] [16] [17] [18] [19] [20] [21] and the current counterflow 17, [22] [23] [24] [25] [26] [27] . Both offer exotic twists to the already fascinating supercurrent phenomena -among all the Josephson effect.
First proposed and demonstrated in superconductor 28 , Josephson effect is regarded as an unambiguous test to superfluidity or superconductivity. The dc Josephson effect, in particular, describes the zero-bias supercurrent occurring in a Josephson junction -a device consisting of two coupled condensates with a relative phase applied. The Josephson effect is usually characterized by its current-phase relation (CPR) 28, 29 . Although best known in the standard sinusoidal form, the CPR can go beyond sinusoids to genuinely reflect the junction geometry and the composite material's properties 29 . In the context of exciton condensation, the attention has been on a seemingly similar but practically different effect, the Josephson-like effect [14] [15] [16] [17] [18] [19] [20] [21] [30] [31] [32] [33] [34] [35] [36] [37] [38] . The few pioneering works [39] [40] [41] [42] that are actually on the Josephson effect (dc), however, have yet included the interlayer tunneling in dynamics; the sinusoidal Josephson relation is thus applied directly. Here we actively include the interlayer tunneling in the equation of motion to obtain the appropriate CPR for the excitonic Josephson junction. It turns out that the obtained CPRs actually go beyond the standard sinusoidal form. Moreover, the fractional solitons emerge in static. Similar solitons with exactly half quanta have been realized in only few specially designed superconducting systems [43] [44] [45] [46] [47] . Such half-integer solitons generated in a controllable fashion can be strong candidates for quantum qubits 44 . The fractional solitons we discuss here are even more profound: it embraces continuously varying fractions that are not limited to half or full integers 46, 47 . Because of the continuously varying nature, abrupt occurrence of solitons with increasing relative phase φ 0 is not observed -the solitons appear progressively starting from infinitesimal φ 0 . 1
The ↑ (↓ ) denotes the which layer degree of freedom and X the guiding center quantum number of the lowest Landau level. Vacuum state 0 indicates no electron in either layer. When representing Ψ as a vector in the Bloch sphere, θ(X) and φ(X) become the associated polar and azimuthal angles. Such a vector is hereafter referred to as the psuedospin → m (classical) -the exciton system is ultimately mapped to a pseudospin ferromagnet. In the limit of smooth textures, the energy functional can be expressed by pseusospin
The first term is the capacitive energy deduced from the Hartree and intralayer exchange interactions. The positive anisotropic parameter β means an energy cost for the pseudospin out-of-plane excursion. This term is neglected from now on since we focus on the condensation regime in this report. The second term is essentially the kinetic energy of excitonic condensates which arises from the interlayer exchange. In the pseudospin language, the positive ρ s tends to align neighboring pseudospins in parallel and serves as the pseudospin stiffness.
The third term, namely the interlayer tunneling, is the key to our work. Here n and Δ t are the pseudospin density and the interlayer tunneling strength respectively. Aside from the ordinaries, this term contains an extra φ 0 Θ (x) [Θ (x) is the standard Heaviside function]. Note that in arriving at this expression we have implicitly taken the absolute phase of EC1 to be 0, without losing generality. The relative phase φ 0 is originated from the Aharnov-Bohm phase when the electrons circle around a loop with effective magnetic flux. This form of interlayer tunneling can be interpreted as the pseudospin Zeeman term:
, which attempts to align the local pseudospins → m with itself.
Equation of motion.
We derive the Landau-Lifshitz-Gilbert (LLG) equation for pseudospins by
, where
. Pseudospin in general has two degrees of freedom; we pick φ and m ⊥ to describe. Two coupled equations are then solved numerically by our LLG solver, detailed in ref. 50 .
In parallel, we minimize the energy functional in Eq. (2) with respect to φ to acquire the static properties. An equation that resembles the sine-Gordon equation is obtained:
where
t is the Josephson length that sets the spatial scale of topology. The phase φ is apparently a function of the relative phase φ 0 . However for a given φ 0 , the solution is not unique: replacing φ 0 by φ 0 + 2Nπ in a known solution gives rise to a set of distinct valid solutions (not all are stable).
To describe the situation, we denote the phase profile φ as a function of the incline angle
instead of φ 0 itself. Among all, the direct solution (DS) and complementary solution (CS) are energetically most relevant. Here we illustrate the two in the pseudospin picture: a given relative phase φ 0 determines the direction of the pseudospin Zeeman field → h as depicted in Fig. 1 (the absolute phase of EC1 is set to zero). The same Zeeman field is however associated with various incline angles φ φ π
. Taking φ i = φ 0 , the local pseudospins then wind counter-clockwise (for positive φ 0 ), seeking to be commensurate with both the Zeeman fields and yields the "direct solution" (plotted in row marked as "DS"). Taking φ i = φ 0 − 2π, on the other hand, the local pseudospins then wind clockwise to yield the "complementary solution" (CS). As shown in Fig. 1 , the two solutions exhibit opposite polarities and even more, are generally not mirror symmetric.
Results
Phase profiles and fractional sine-Gordon Solitons. The (Fig. 2) . The shape is practically linear in short junctions while saturates at both ends in long junctions. The zoom-in in the vicinity of =  x 0 (upper-left inset) further shows that the profiles from the two limits deviate already at small  x: the shorter junctions tend to possess gentler slopes. The slope vs. system size plot (lower-right inset) demonstrates that tendency and shows a smooth crossover at ∼  L 2. The behavior evolves from linear to constant with ascending  L. Below we analyze the detailed profiles in the two limits.
In the short junctions, ( < )  L 1 , the phase profiles do not extend fully from 0 to φ 0 and are reasonably described by a slanting line φ φ φ φ
By minimizing the system's total energy with respect to  C, we obtain the profile
The short-junction assumption φ / C L 0 has been employed in reaching this expression. Note especially that the corresponding phase slope φ
is linearly proportional to the junction length, recovering the numerical result. The energy of the entire junction associated with the slanting phase profile is Scientific RepoRts | 5:15796 | DOi: 10.1038/srep15796  L 2 1 (purple dotted line), = .
 L 6 1 (orange dash line), = .
 L 0 2 (red dash-dotted line), = .
 L 0 4 (green dash-dotted-dotted line), = .
 L 2 11 (blue dash-dash-dotted line). The upper-left inset is the zoom-in of the small  x region that shows deviations of =  x 0 phase slope for short systems. The lower-right inset is the phase slope vs. the system size  L. For short systems <  L 2, the slopes are linear with  L while for long junctions ( > )  L 4 they are practically a constant. The two red dash lines are guide to eyes. We can deduce, from the above, difference between the CS and the DS energy is Δ t cos(φ 0 /2). The two come to degenerate when φ i equals multiples of π.
In the long junctions ( ) L 1 , the phase profiles show kinks that span between 0 and φ i [ Fig. 3(a) ]. Those are fractional sine-Gordon solitons that can be constructed from the ordinary sine-Gordon solitons can be assigned to characterize the solitons; this charge is closely related to the winding number that describes a vortex. It is interesting to note that similar geometric objects (fractional Josephson vortices) have been predicted also in an extended 0 − κ superconducting Josephson junction 46, 47 . The energy associated with the fractional soliton in a long junction is then given by Eqs. (2) and (6):
With φ i = 2π, the energy E = 2Δ t is that of an ordinary soliton. This is a direct consequence of the equipartition theorem if interpreting Δ t as the potential energy. Finally we remark that although Eq. (7) might appear as a nonmonotonic function of φ i , it actually is the opposite -there is no soliton solution ; in this report, we focus on the supercurrent density at the interface. In Fig. 4 we plot the CPRs obtained from the numerical LLG calculation. The analytical result for short junction is obtained side-by-side from Eq. (4) (in dimensionless expression):
This dimensionless current density ˜j s is taken with respect to eE 0 /h -λ. The above exhibits a critical
c s ; also, with φ i = φ 0 , the expression corresponds to DS while with φ i = φ 0 − 2πsgn(φ 0 ) to CS. In Fig. 4 , we plot the supercurrent densities of analytic solution for both the DS (blue dash line) and the CS (black dash line), as well as the numerical calculation (red open circles). The sin(φ 0 /2) dependence in the DS is in great accordance with the numerical result (Fig. 4) for φ π < 0 (Note that in plotting j s we have intentionally set back the units to make direct comparison with the numerical results). The case of φ π > 0 will be discussed jointly with that in the long junction. In the long junction, the fractional solitons in Eq. (6) give rise to the supercurrent density
This is distinct from the current density in the short junction. The critical current is size-independent and is given by ρ = j 2 c s . The CPR of sin(φ i /4) dependence is also qualitatively different from that of sin(φ i /2) in the short junction. The numerical and the analytical results for DS are consistent for φ π < 0 , when DS is the lowest energy state. What appears to be different starts at φ π = 0 , when the DS and CS become degenerate in both the short and the long junctions. As φ 0 exceeds π, the CS replaces the DS to be the lowest energy state. The polarity of the CPR swiches. In either the long or the short junction, an abrupt commensurate-incommensurate (linear-soliton) transition as that in the Pokrovsky-Talapov model 5, 7, 51, 52 is not seen. Topological objects are present for arbitrarily small φ 0 . The switch of the lowest energy state can best be visualized in the pseudospin picture; here a long junction is chosen for illustration in Fig. 5 but the description is general. The pseudospin Zeeman fields in EC1 and in EC2 align the local pseudospin differently and give rise to two different domains, and a wall in between (soliton). When the two domains are not completely anti-aligned, the local pseudospins do not wind a full circle within the wall -this corresponds to a fractional soliton. While the local pseudospins can be arranged into different configurations with the same φ 0 , the one with the slowest variation costs least energy. For 0 < φ 0 < π, the DS (winding counter-clockwise) has the slower variation and is preferred. The DS and CS become mirror symmetric when φ 0 equals π. For φ 0 > π, the CS (winding clockwise) has slower variation [ Fig 
Conclusion
To summarize, the excitonic Josephson junction is mapped to a pseudospin ferromagnet and described by the Landau-Lifshitz-Gilbert equation. The phase profile and current-phase relation are calculated. We find distinct behaviors in the long-and the short-junction limits. In the short junctions, the phases are essentially slanting lines with the slopes proportional to the system size. In the long junctions most interestingly, we recognize the static fractional sine-Gordon soliton -the soliton fraction (topological charge) can be tuned continuously by the relative phase φ 0 . In addition, there are two relevant solutions, a direct solution (DS) and a complementary solution (CS); both are present for any junction length. These two solutions are opposite in polarity and carry different energies. The DS is the lowest energy state for φ 0 up to φ π = 
